In this study we perform a reanalysis of the sparse MEA CRRES relativistic electron 39 data using a relatively simple 1D radial diffusion model and a Kalman filtering approach. 
47
various values of µ and K indicate that peaks in PSD become stronger with increasing K 48 and µ. To verify that our results are not affected by the limitations of the satellite orbit and 49 coverage we performed an "identical twin" experiments with synthetic data specified only 50 at the locations for which CRRES observations are available. Our results indicate that the 51 model with data assimilation can accurately reproduce the underlying structure of the PSD 52 even when data is sparse. The identical twin experiments also indicate that PSD at 53 particular L-shell is determined by the local processes and can not be accurately estimated 54 unless local measurements are available. 55 56
Introduction

58
The Earth's energetic electron radiation belts exhibit a two zone structure with the 59 inner belt being very stable and outer belt varying on the timescales ranging frommeasured pitch-angle resolved electron fluxes with an energy range from 110 keV to 1527 107 keV [Vampola et al., 1992] . The low inclination of CRRES (~18 o ) allowed the MEA 108 instrument to measure near-equatorially mirroring electrons across a range of L-shells. 109
To convert the differential electron flux measured on CRRES into PSD at given phase 110 space coordinates (µ, K, L), we also need magnetic field information. The in-situ magnetic 111 field measurements from the fluxgate magnetometer aboard CRRES are used for the 112 calculation of µ. A global magnetic field model is needed to calculate K and L, and here we 113 use the Tsyganenko 1996 model [Tsyganenko and Stern, 1996] . More details on the 114 calculation of PSD and adiabatic invariants is given in [Chen et al., 2005; . 115
In Section 2 and 3 we study PSD at fixed values of invariants µ and K. Equatorial pitch-116 angle and kinetic energy may be related to adiabatic invariants using definitions given in 117
Appendix A. For a dipolar magnetic field, the equatorial pitch-angle of electrons may be 118 related to the invariant K as [Schulz and Lanzerotti, 1974] 
Radial Diffusion Model 145
If the first and second adiabatic invariants are conserved, the violation of the third invariant 146 may be described by the radial diffusion equation [e.g. Shultz and Lanzerotti, 1974] 147
where f(L,t) is the particle phase-space density (PSD) at a fixed first and second adiabatic 150 invariants, D LL is the cross-L diffusion coefficient, τ L is the time scale for particle losses.
151
In this study we adopt a data-derived empirical relationship for the rate of radial 152 diffusion due to magnetic fluctuations [Brautigam and Albert, 2000 [2005] in the heart of the outer zone. 156 model (with no losses or sources) illustrated, using an example of synthetic data ("data" 187 produced by the model with which has a slightly different set of parameters) how more 188 advanced, optimal techniques (Kalman filter) may be applied to radiation belt forecasts. 189
The "Kalman filter" is a data assimilation method which combines a numerical 190 model and sparse data, in a way which minimized mean-squared errors [Kalman, 1960] . computed at each time step using a time evolving forecast error covariance matrix P f given 233 in Equations (9-10). 234
The error covariance matrix is also updated on the analysis step as 237
The innovation vector shows how much additional information from the data will 240 modify the model forecast in order to produce an optimal estimate of the state of the 241 system. The value and the sign of the innovation vector depend on how much the observed 242
and modeled values differ from each other, and on the estimated forecast and observational 243 errors. For a detailed description of the Kalman filter algorithm see for example [Ghil and 244 Malone-Rizzoli, 1991] . In the standard formulation of the Kalman filter, the model and 245 observational error covariances matrices Q and R are assumed to be known. This rarely 246 happens in practice and usually some simple approximations are made. In the current study 247 the matrices Q and R are assumed to be diagonal and each of the diagonal elements are 248 equal to 50% and 500 % of the modeled and observed PSD variance, respectively. 249 with increasing K-value, or also could be due to a weaker radial diffusion rates at highervalues of K. The result of the Kalman filtering are mostly controlled by the observations 290 since the observational uncertainty is small compared to the estimated forecast error. 291
Radial diffusion simply redistributes PSD, which is mostly determined on the analysis step 292 by the data. Even though the radial diffusion rates are independent of the pitch-angle in our 293 model, the pitch-angle dependence is produced by the data innovation. 294
The similarity in the spatial and temporal patterns of the PSD at different values of 295 K shows that local acceleration is effective for a range of energies. It also indicates that 296 pitch-angle diffusion is fast enough to transport particles in pitch-angle and establish 297 equilibrium shapes of the pitch-angle distributions which increase and decay as a whole. shown on Figure 9 (third panel). We choose the parameters of the model so that our 334 artificially produced data overestimates model results. This allows us to verify that data 335 assimilation is capable of reproducing a general structure of the underlying PSD even when 336 the data is sparse. In the identical twin experiment the underlying structure of PSD isis known, in our case monotonic profile of the PSD. 338
The results of the data assimilation show that the reconstructed PSD , (Figure 9 In this study we show how data assimilation using a Kalman filter may be applied to 364 reconstruct PSD (perform reanalysis) for a sparse data set. We used a relatively crude 1D 365 radial diffusion model, which has significant "errors", on the scale of a few hundred 366 percent. The term "error" conventionally used in the description of the Kalman filter 367 actually results from a physical limitation of the models. These limitations can be 368 incorporated into the data assimilation algorithms by assigning an "error" and allowing the 369 model to be adjusted to assimilated data. Since we have a rather inaccurate model, we 370 specify model and observational errors such that data points have more weight in the 371 analysis step than the information provided by the model. In this case data assimilation can 372 be considered as a smart interpolation algorithm, which reconstructs observations using a 373 transport model at all radial locations with a high time resolution. Even with a simple 374 physical model and a very sparse data we are able to objectively reconstruct PSD and study 375 the dynamical evolution of its radial profiles. We also show that at each L-shell, radiation 376 belt dynamics are strongly influenced by the local processes, and that observations at all L-377 shells are required to constrain the model solutions. This has important implications for the 378 design of future missions and choice of the future satellite orbits and future improvements 379 of the models. 380
However the capabilities of data assimilation, can go far beyond that. Data 381 assimilation can be used to combine model and data from different satellites and 382 instruments, which may have different observational errors to simulate the global evolution 383 of radiation belt fluxes. The reanalysis of data from multiple spacecraft may result in a 384 significant reduction of the error of the analysis, compared to the errors of each of thesatellites or instruments. Observational errors for each satellite can be specified so that data 386 from more accurate instruments has more weight on the analysis step, while even quite 387 inaccurate measurements can still contribute to the final reanalysis data product. 388
Application of the Kalman filter to a 3D model, which takes into account radial 389 diffusion, pitch-angle scattering, and local acceleration, will provide even further 390 improvement to assimilation techniques. Such 3D models can potentially account for more 391 physical processes and can also use the knowledge of the dynamics of pitch-angle 392 distributions and energy spectrum which will allow to utilize a vast array of available 393
measurements. 394
Inter-calibration of the satellites is conventionally performed using satellite 395 conjunctions (measurements of the same variables on a given flux tube [e.g. 
